The use of Liouvillian forms to obtain symplectic maps for constructing numerical integrators is a natural alternative to the method of generating functions, and provides a deeper understanding of the geometry of this procedure. Using Liouvillian forms we study the generating function introduced by Poincaré (1899) and its associated symplectic map. We show that in this framework, Poincaré's generating function does not correspond to the symplectic mid-point rule, but to the identity map. We give an interpretation of this result based on the original framework constructed by Poincaré.
Introduction
A symplectic integrator for a Hamiltonian system is a numerical method which preserves the structure of the Hamiltonian vector field. From the available tools for constructing symplectic maps, the method of generating functions has been a cornerstone to understand the links between the geometry and topology of the phase space of Hamiltonian mechanical systems. Its relevance resides in the fact that this method is used for theoretical and applied results in contrast to other methods which are only valid for either theoretical or numerical applications, but not both.
In his famous Les méthodes nouvelles de la mécanique céleste [11] , Poincaré develops the theory of integral invariants with applications to the study of periodic orbits in celestial mechanics. Poincaré constructed an exact differential 1-form defined on closed orbits with prescribed fixed period T > 0, such that its exterior differential gives the canonical symplectic form on the phase space. Since the orbit was periodic he considered a section (the Poincaré's section) and a non-trivial map defined on the section (the Poincaré's map) such that the periodic orbit corresponds to a fixed point of the map. The imposed condition for the fixed point was that the first-return map must be non-reversing. All these hypotheses will be important for the interpretation of the results described in this paper.
From the numerical point of view, generating functions are used to construct numerical algorithms preserving the main geometrical properties of the phase space. These properties come from a geometrical structure known as the symplectic form, naming the numerical algorithms as symplectic integrators. The term symplectic was coined by Weyl in 1946, however, some geometrical properties were already used by Euler, Lagrange, Jacobi, Hamilton, Poincaré, among many other mathematicians and physicists of the last three centuries. Symplectic integrators arose after the construction of the main computers, and what seems to be the first documented reference, is the paper of De Vogeleare [13] in 1956. In the early 80's several works from Ruth [12] , Channell [1] , Menyuk [10] and Kang [2] on symplectic integrators aroused the interest of the numerical community because of their excellent behaviour and stability for long time computations. In the second half of the 80's, symplectic integrators using generating functions were systematically studied by Feng Kang and co-workers [2, 8, 3, 4] . In all those papers, the Poincaré's generating function is systematically associated to the symplectic mid-point integrator. However, there is no formal demonstration or construction of this correspondence.
Recently, a more general method for constructing symplectic maps has been developed using Liouvillian forms [5] . This method gives a better perspective of the role played by Lagrangian submanifolds in the search of symplectic maps for constructing symplectic integrators. Moreover, it has been proven that Liouvillian forms coupled with Hamiltonian vector fields produce a function which gives the variation of the Hamiltonian function along the Liouville vector field (the symplectic dual of the Liouvillian form) [6] . This function has an intrinsic symmetry, since it also gives information on the variation of the Liouvillian form along the Hamiltonian vector field. Moreover, the difference between this function and the Hamiltonian function is a sort of "misfit" function called the elementary action, whose integral with respect to time is the action integral of classical mechanics [9] . These results yield another point of view on symplectic integration since we will be interested in the search of the Liouvillian form which produces the function as close as possible to a constant function on the integral lines of the Hamiltonian vector field. The direct consequence is that the elementary action will be constant on the solutions of the Hamiltonian vector field, satisfying automatically Hamilton's principle of minimal action. Since we work on autonomous Hamiltonian systems, the elementary action must be a function of the Hamiltonian but not of time, which is the common symmetry (first integral) to all autonomous Hamiltonian systems.
In order to produce symplectic integrators, a study of the structure of Liouvillian forms with constant coefficients has been achieved in [5] . The main result is that all the one step implicit symplectic integrators are given by the mid-point rule plus a Hamiltonian component which vanishes in the limit h → 0, where h is the time step. Consequently, it is necessary to study the Poincaré's form, i.e. the differential of the so called Poincaré's generating function, for comparing its structure with the differential form related to the mid-point rule. We develop this analysis by applying the method of Liouvillian forms [5] to Poincaré's differential form, with a set of remarks in order to clarify some misunderstandings about both objects. In addition, we find a non-trivial family of Liouvillian forms (on the product phase space) associated to the mid-point rule. In contrast to the claim found in the papers of Kang and his collaborators, our results associate the differential of the Poincaré's generating function to the identity map. This is not a surprise since both mid-point rule and Poincaré's differential form belong to different families of minimizers of the action integral. Indeed, the mid-point rule minimizes the action along a path with different fixed boundary points. Meanwhile Poincaré's differential form minimizes the action integral along a periodic closed path with prescribed fixed period T > 0, characterized on a Poincaré's section by a fixed point. We interpret this result using the original hypotheses stated by Poincaré in [11] .
The method of Liouvillian forms
In this section we give some general facts about the method of Liouvillian forms and generating functions, and we briefly recall how the procedure is applied to construct the symplectic integrators.
We consider the momentum phase space of a mechanical system as a symplectic manifold (M = T * Q, ω) with the standard symplectic form satisfying ω 0 (·, ·) = ·, J 0 · . Here ·, · is the standard inner product and J 0 is the canonical complex structure or canonical symplectic matrix given by
A Liouvillian form on a symplectic manifold (M, ω) is a 1-form θ on M such that dθ = ω. In this case we say that (M, dθ) is an exact symplectic manifold. If θ is the tautological 1-form we call it the Liouville form, in other cases we call it a Liouvillian form. A Lagrangian submanifold Λ ⊂ M in a symplectic manifold (M, ω) is a submanifold where the symplectic form vanish identically ω| Λ ≡ 0.
Lagrangian submanifolds are the integral submanifolds of the Liouvillian forms where the integrability is defined in the following way: given a Liouvillian form θ, the Lagrangian submanifold Λ is an integral submanifold of θ if θ| Λ ≡ 0 and ω| Λ = dθ| Λ ≡ 0. Along the Lagrangian submanifold Λ it is possible to decompose the tangent space of the symplectic manifold in a direct sum of vector subspaces T z M = V z Λ ⊕ T z Λ for every z ∈ Λ. V z Λ is the vertical space of Λ at z in T z M and we can recover it using the complex structure J by V z Λ = JT z Λ. It means that for every z ∈ Λ and v ∈ T z Λ the vector Jv ∈ V z Λ.
Geometrically, a Hamiltonian mechanical system corresponds to a Hamiltonian vector field X H on the symplectic manifold (M, ω) representing the momentum phase space. The dynamical system is given by the equations of motion, also known as Hamilton's equationsż = X H (z), where X H = J 0 ∇H, ∇ being the canonical gradient operator. A first order (generic) approximation is given by the Euler map
wherez is an element to be determined. In order to findz ∈ M , such that (2) becomes a symplectic map, we use the classical framework for constructing symplectic maps using generating functions. Consider the product manifoldM = M 1 ×M 2 of two copies of the phase space with the bilinear form ω ⊖ = π *
The couple (M , ω ⊖ ) becomes a symplectic manifold of dimension 4n [9] .
Given a Euclidean structure ·, · 4n on T mM for m ∈M , we associate the complex structureJ to ω ⊖ (·, ·) = ·,J· , wherẽ
and J 0 as given in (1) . In this framework, the method of Liouvillian forms consists in finding a couple of related Liouvillian forms θ i on the manifolds (M i , ω i ), i = 1, 2, such that the integral submanifold Λ of the induced form θ = π *
is adapted for constructing a numerical scheme. The method follows four steps:
1. Find a suitable Liouvillian form θ ∈ T * M constructed by the pull-back of two Liouvillian forms θ i on (M i , ω i ), i = 1, 2 in this way θ = π *
2. Obtain the expression of the vertical bundle V Λ to the Lagrangian submanifold Λ ⊂M associated with θ (writing its coefficients in local coordinates).
3. Project the tangent space of the Lagrangian submanifold T Λ ⊂ TM into the tangent space T M of the original symplectic manifold (M, ω). We find the local expression of T Λ using the equation θ = 0 and the complex structure T Λ =J T V Λ. We consider the sum T π 1 (T Λ) + T π 2 (T Λ) as vector subspaces of T M and we define the implicit map
4. Verify that we recover the tangent space T M when we evaluate T Λ ⊂ TM on the diagonal. Formally we check if
is satisfied. This implies that ρ becomes the identity map ρ(z, z) = z. In this case the generalized implicit Euler map
is symplectic.
The interested readers are referred to [5] for the details of the construction. We can check that the Liouvillian form θ on (M , ω ⊖ ) is adapted for the construction of a symplectic integrator if the induced implicit map becomes
where b ∈ M 2n×2n (R) is a Hamiltonian matrix [7, 5] . In particular, the case b = 0 2n corresponds to the mid-point rule. In the next section we will apply this construction to the generating function introduced by Poincaré in [11] .
The Poincaré's Generating Function
In the third volume of Les méthodes nouvelles de la mécanique céleste [11] , Poincaré introduced the exact 1-form
looking for periodic orbits bifurcarting from a prescribed periodic orbit of period T > 0. In expression (5) variables (q, p) are positions and conjugate momenta in the phase space at time t and (Q, P) are positions and conjugate momenta at time t+T . We denote them by z 0 = (q, p) and z h = (Q, P). The corresponding function S : Λ ⊂M → R is called the Poincaré's generating function. This exact form was rediscovered by Feng Kang and his collaborators when they were studying the construction of symplectic integrators using generating functions. Kang's group interprets this 1-form as the linear mapping
given by the matrix
where J 0 is the canonical complex structure (1) and I 2n is the identity matrix of size 2n. Given a generating function u : Λ → R on a Lagrangian submanifold Λ ⊂M with local coordinates w = w(z 0 , z h ), they systematically associate the numerical method
to the exact form (5) [2, 8, 3, 4] , and consequently the symplectic mid-point rule with the Poincaré's generating function. However, the definition of the Lagrangian submanifold given by the 1-form and the Hamilton-Jacobi equation were not formally established. Note that the map (8) is a time-1 map.
The mapping given by the matrix α in (7) is not unique. In particular we can consider the following matrices
generating the same mapping for the differential 1-form (6). They have a very different structure. The matrix α given by Kang is motivated by the use of the identity matrix I 2n and the complex structure J 0 acting in a natural way on vectors of the product manifold. In their interpretation, the left hand side of (8) corresponds to the first "row" of the matrix α, and the argument in the right hand side, corresponds to the second "row". However, such an interpretation loses meaning if we write the same mapping using matrices α 1 or α 4 .
Remark 1
The fact that we obtain the same Liouvillian form for very different linear transformations onM comes from a symmetry induced by the construction of the product manifold (M , ω ⊖ ) which do not correspond to symmetries on the original manifold (M, ω).
Given a Liouvillian form θ on the product manifoldM , we can apply the method above defined to construct an implicit symplectic integrator. Let us do that to the 1-form (5).
Step 1) This step does not apply since we already have a Liouvillian form. In fact, our goal is to prove that Poincaré's 1-form is not suitable for constructing a symplectic integrator. For convenience we rewrite the Poincaré 1-form (5) as
Step 2) The local expression of the vertical space V z Λ at z = (q, p, Q, P) ∈ Λ to the Lagrangian submanifold is determined by the coefficients of the Poincaré's 1-form θ. They correspond to the algebraic equationŝ
where we considerq,p,Q,P : TM → R as real functions on the product manifold.
Step 3) The local equations of the tangent space T z Λ are obtained by the multiplication of the complex structure with the vertical space T z Λ =J T V z Λ. Using the expression (10) the complex structureJ maps (q,p,Q,P) → (−p,q,P, −Q) whose induced implicit map is given by ρ(q, p, Q, P) = (−p,q) + (P, −Q) = (P −p,q −Q). 
We consider that X H (0, 0) = 0 as Poincaré did.
Step 4) Composing the generalized Euler integrator with the map ρ we obtain
which corresponds to the identity map. This fact is consistent with Poincaré's hypotheses, since he constructed the generating function to be defined on periodic orbits of prescribed period T > 0 such that if z 0 = (q, p), z h = (Q, P) then z h = z 0 was a fixed point on a Poincaré's section but such that the orbit was not trivial (see Figure 1) . Moreover, this hypothesis considers that for T variable, lim T →0 dS = 0 and the function S goes to a constant S → S 0 which, for simplicity, he considered S 0 = 0.
We have proven the following:
The symplectic map associated to the Poincaré's form (5) under the method of Liouvillian forms corresponds to the null map (11) . If X H (0, 0) = 0 the generalized Euler scheme corresponds to the identity map.
Remark 2 Another way to see that Poincaré's form (5) corresponds to the identity map is by checking the kernel of θ as a linear form. This directly gives the equations (Q − q) = 0 and (P − p) = 0, producing the identity map Q = q and P = p.
A path of Liouvillian forms
To characterize the relationship of the Liouvillian forms producing symplectic maps with the Poincaré's 1-form (5), we construct a path of forms connecting the symplectic Euler methods A and B with this 1-form.
Lemma 3.2 Let I n , 0 n ∈ M n×n (R) be the identity and the zero square matrices of size n × n. Every element in the 1-parameter family of linear transformations R φ ∈ Diff(M , ω ⊖ ) given by
is a symplectic rotation on T xM for every x ∈M .
Proof. It is a straightforward computation checking that R T φ R φ = I 4n and R T φJ Rφ =J, which implies that it is an orthogonal and symplectic mapping, i.e. a symplectic rotation.
Denote by E 1 :M → T * (Q 1 × Q 2 ) the canonical symplectic diffeomorphism between the product manifold (M , ω) and the cotangent bundle T * (Q 1 × Q 2 ). Given local coordinates (q, p, Q, P) ∈M and (x, X, y, Y) ∈ T * (Q 1 × Q 2 ), the symplectomorphism E 1 whose pull-back maps (ydx + YdX) → (pdq − PdQ) is given by
Define the diffeomorphism Ψ φ :M → T * (Q 1 × Q 2 ) as the composition of R φ given in (13) and E 1 . This composition determines a curve Ψ φ of symplectic diffeomorphisms and consequently, a 1-parameter family of Liouvillian forms θ φ = Ψ * φ θ Q1×Q2 onM . 
connects Poincaré's 1-form, to those associated with the symplectic Euler integrators A and B.
Proof. It is a family of Liouvillian forms by construction since dθ φ = ω ⊖ for every φ ∈ [0, 2π]. To prove that it contains the specific forms, it is enough to compute θ φ for the values φ ∈ {0, π/4, π/2} obtaining
which corresponds to the forms associated with Euler integrators A and B [5] and the Poincaré's 1-form, respectively.
Let's apply the method of Liouvillian forms to the family (14). We do not perform Step 1) since we already have the Liouvillian forms of interest.
Step 2) The vertical space V z Λ at z = (q, p, Q, P) ∈ Λ to the Lagrangian submanifold is given by the algebraic equationŝ q = cos 2 φp − cos φ sin φP,p = cos φ sin φQ − sin 2 φq Q = cos φ sin φp − sin 2 φP,P = cos 2 φQ − cos φ sin φq
Step 3) The tangent space T z Λ =J T V z Λ using the equation of the vertical space isJ T (q,p,Q,P) = (−p,q,P, −Q) with the induced implicit map
where f (φ) = − sin φ(cos φ − sin φ) and g(φ) = cos φ(cos φ − sin φ).
Step 4) Composing the generalized Euler integrator with the map ρ we obtain the method
where ρ is defined in Step 3).
The generalized Euler map is a symplectic integrator if the argument of the discrete Hamiltonian field has the form ρ(z 0 , z h ) =
where b ∈ M 2n×2n (R) is a Hamiltonian matrix [5] . Denoting z 0 = (q, p) and z h = (Q, P) it is easy to prove a weak condition: if the implicit Euler map is symplectic the matrices of partial derivatives satisfy ∂ z0 ρ + ∂ z h ρ = I 2n and ∂ z h ρ − ∂ z0 ρ = 2b. These matrices are given explicitely by
The final result depends on the functions −I n 0 n 0 n I n , respectively. They corresponds to the matrices of the symplectic Euler schemes B and A. We have proven the following:
The family θ φ and its projection on the subspace (Q 1 × Q 2 ). The set of Liouvillian forms whose projection gives symplectic integrators, reproduces the original positions and conjugated momenta on the diagonal (q = Q, p = P), which is not the case for the Poincaré's 1-form. We constructed a family of implicit maps which intersects the space of symplectic maps in two points. The projection of this family in the configuration space (q, Q) is given in Figure 2 .
The Poincaré's 1-form in matricial notation
Before presenting a family of Liouvillian forms producing the mid-point rules, we want to give the matricial expression of the Poincaré's 1-form in order to understand the structural difference with Liouvillian forms generating symplectic integrators.
Expand the family (14) and denote by Z = (q, p, Q, P) T the coordinates of points in the product manifold Z ∈M . We can rewrite (14) in matrix form dZ T [A]Z by means of the matrix
Using the identities sin 2φ = 2 cos φ sin φ and cos 2 φ = (1 − cos 2φ)/2 we
Which lets us compare the structure of Poincaré's 1-form with the Liouvillian forms generating symplectic integrators: if sin 2φ = 0, the last term on the right hand side is symmetric which implies that dZ T [A]Z is a Liouvillian form on (M , ω ⊖ ); but the submatrices are antisymmetric and this form cannot be the pull-back of a Liouvillian form on some symplectic submanifold (N, dη) .
Moreover, the Poincaré's 1-form corresponds to the value φ = π/4 with associated matrix
An alternative family of Liouvillian forms
In an analogous way to the 3n-parameter family introduced in [5] , we introduce parameters (α i , β i , γ i ) i = 1, . . . , n, generalizing the coefficients cos 2 φ and cos φ sin φ in (14). We rearrange the elements of θ φ in order for β i and γ i to become the coefficients of elements which vanish under the differential, in the following way
With this modification, the matrices of partial derivatives become: All these maps interleave Hamiltonian maps and consequently, they induce implicit symplectic integrators. The particular case s i = 0 corresponds to the symplectic mid-point rule. We have the following: • Poincaré's 1-form was designed for dealing with periodic orbits with prescribed period T > 0, it means, non-trivial loops or cycles (no boundary);
• the mid-point rule is the simplest approximation for problems with fixed values at the boundary (initial and final fixed points).
The former deals with the topology, i.e. global geometry, of the phase space and the latter with its local geometry. This fact becomes evident when we consider the limiting case producing the identity map: the loop used with the Poincaré's 1-form remains a loop with period T > 0 meanwhile the open path of the mid-point rule converges to a single point. We showed that the structure of Poincaré's 1-form differs drastically from the structure of Liouvillian forms generating the mid-point rule, and in general to those generating symplectic integrators. In order to better understand this discrepancy, we constructed two families of 1-forms. The first one is a oneparameter family (a path) joinning the symplectic Euler maps A and B with Poincaré's 1-form; this path is constructed by a symplectic rotation. The only elements in this family which generate symplectic integrators are the boundary points of the path corresponding to the Euler maps A and B. The second family is a 2n-parameter family of 1-forms producing symplectic maps from where any element of a n-parameter sub-family generates the mid-point rule.
